Abstract. A general procedure to construct a class of simple and efficient high resolution Total Variation Diminishing (TVD) schemes for non-linear hyperbolic conservation laws by introducing anti-diffusive terms with the flux limiters is presented. In the present work the numerical flux function for space discretization is constructed as a combination of numerical flux function of any entropy satisfying first order accurate scheme and second order accurate upstream scheme using the flux limiter function. The obtained high resolution schemes are shown to be TVD for 1-D scalar case. Bounds for the limiter function are given. Numerical experiments for various test problems clearly show that the resulting schemes give entropy consistent solution with higher resolution as compared to their corresponding first order schemes.
1. Introduction. Consider the following 1-D scalar conservation law,
together with appropriate boundary conditions, where u ∈ R and the flux function f (u) : R → R is a nonlinear convex function. It is well known that the numerical computation of the solution of (1.1) is difficult because of the presence of discontinuities (e.g. shock, contact) in the solution. The main drawback in numerical schemes is that these discontinuities are approximated by continuous transitions that, when narrow overshoot or undershoot, or when monotone, usually spread the discontinuity over many grid points. It has been seen that numerical methods based on shock capturing have been very successful in computing discontinuous solutions for (1.1), since discontinuity is computed as the part of solution. The idea to develop such shock capturing methods is based on the conservative approximation which help to satisfy the jump condition across the discontinuity [26] and fundamental mechanical or thermodynamical principles [31, 39] . Another problem associated with some of the oftenly used schemes is the convergence to nonphysical solutions, e.g., solutions with expansion shocks. This problem can be cured by addition of a certain amount of numerical viscosity, though in this approach one needs to compromise for the spreading of physical discontinuity. In recent years, efforts have been made to build such schemes which can give high order accuracy without introducing spurious oscillations and converge to physically correct solution. In order to do so, a class of high resolution schemes, known as Total Variation Diminishing (TVD) schemes, has been proposed [1] . Such High resolution schemes are conservative, generally (at most places) second order accurate and non oscillatory in nature and capable of resolving discontinuity in the solution [13, 22, 32] .
These schemes can be considered as the artificial viscosity schemes. As mentioned above in the numerical approximation of hyperbolic conservation laws one needs to add artificial viscosity for two basic reasons: first, it damps the oscillatory modes which can cause adverse effect on the rate of convergence to the steady state and secondly, the dissipative term allows the clean capture of shock waves and contact discontinuities without undesirable oscillations [2] . Artificial viscosity schemes can be considered as the modified central schemes (e.g., Lax-Wendroff methods) by adding a solution dependent, judiciously chosen artificial viscosity [30] . A widely known class of schemes of this type has been developed in [3, 4, 5, 6] and is known as Jameson-Schmidt-Trukel (JCT). Following the work of Godunov [34] , various dissipative and upwind schemes have been developed with good shock capturing properties [1, 9, 10, 19, 21, 27, 28, 29, 37, 36] . Some of these are closely related to upwind schemes, since upwind schemes have proved to be successful in the treatment of hyperbolic conservation laws because of its inherent property of satisfying physical hyperbolicity condition. The basic idea of constructing TVD schemes is to use a linear combination of a low order and a high order accurate scheme by using a limiter function. This class of schemes give atleast second order accuracy in the smooth region of solution and first order accuracy in the region of steep gradient or around sonic points.
In this paper we extend our previous work [23, 24] and give a general procedure for constructing a class of high resolution schemes by means of adding antidiffusive flux to any entropy satisfying first order accurate scheme using the flux limiter function. The resulting high resolution scheme gives better results as it respects the physical hyperbolicity property. The advantages associated with the presented class of schemes is that they are easy to program, efficient and extension to systems is straight forward.
Priliminaries.
In this section we give some results which we used in the present work. Consider the one dimensional conservation laws (1.1),
This provides a useful model for the analysis of the numerical schemes. We integrate (2.1) over the rectangle [
and define of the spatial and temporal cell averages, as
Then the semi-discrete approximation of (2.1) can be defined as,
We know that the total variation
of the solution of (2.1) does not increase, provided that any discontinuity appearing in the solution satisfies entropy condition, see [25] . The concept of total variation diminishing schemes given by Harten [1] provides a unifying framework for the study of shock capturing methods. These are the schemes with the property that the total variation of the discrete solution
does not increase.
We have the following general conditions given by Jameson and Lax [2] , for a multidimensional scheme to be TVD.
Lemma 2.1. For a semi-discrete conservative scheme expressed in the form
to be TVD, the conditions are
is TVD if is said to be consistent with conservation law (1.1). (cf. [12, 13, 17, 22, 32] ).
3. High Resolution Scheme for Non-linear conservation law. In this section we give the derivation of high resolution scheme for non-linear conservation law. Consider the non-linear scalar conservation laws (1.1). Its semi discrete conservative finite volume approximation is given by,
where H i± 1 2 is the numerical flux function of high resolution scheme defined as the combination of an entropy satisfying dissipative first order scheme and a second order upwind scheme through the flux limiter function. Note that unless specified, we drop the superscript n for time variable. Consider the numerical flux function H l i+ 1 2 of general dissipative three point scheme for (1.1) as,
where α is coefficient of artificial viscosity. The numerical flux function H h i+ 1 2 of second order upwind scheme is given by
where a i+ 1 2 is the the characteristic speed of (2.1) and is defined as
Using (3.2) and (3.3) in
We have the resulting numerical flux function H i+ 1 2 of high resolution scheme as
where φ is the flux limiter function taken to be nonnegative to maintain the antidiffusive flux. The limiter φ is the function of consecutive gradients θ i.e., φ n i = φ(θ n i ) (in the case of fixed mesh size, it turns out to be function of consecutive differences). The smoothness parameter θ is given by,
where
We now seek to choose the function φ(θ) in such a way that the limited antidiffusive flux is maximized in amplitude subject to the constraint of the resulting scheme being TVD.
4. Convergence Analysis. In this section we give the conditions on the flux limiter function φ and on the coefficient of viscosity α such that the resulting semidiscrete conservative approximation (3.1), using numerical flux function given by (3.6), is TVD. Here we give the part of analysis for a i+ and the flux limiter function satisfies
then the semi discrete conservative scheme obtained by using (3.6) in (3.1), is consistent with conservation law (2.1) and TVD when CFL like condition
is satisfied.
Proof.
≥ 0. We can write,
Now, without loss up to conventional notation of intervals, consider the intervals (
) (later on we show the correct order of the arguments of the intervals for θ ≥ 0). Using the Mean Value theorem on the above intervals and definition (3.4) of characteristic speed a i± 1 2 , we can write (4.3) as,
, we can write (4.4) as,
Now (4.5) can be rewritten as,
Using it in (3.1), we have the following semi discrete approximate scheme
Comparing it with (2.9), we have
So from Corollary 2.2, (4.7) will be TVD if
Note that for α i+ , we have A
can be written as,
Since θ is defined as the ratio of consecutive differences, the sequence < U i > is either non decreasing or non increasing. Let the sequence < U i > be non-decreasing (similar analysis holds if < U i > be non-incrasing) i.e., . . .
We have the following observation,
can be written as the following union of disjoint intervals
Hence we have the following non-decreasing sequence
Note that a i+
Now, note that from (4.14) and a i+
we have, > 0, we have the numerical flux function,
Note that φ is the function of consecutive gradients and chosen to be bounded hence,
Consistency follows from the Definition 2.3.
Based on the above result and criteria proposed in [38] , we define the following flux limiter function
Remarks
1. Consistency and TVD stability implies that the numerical solution converges to weak solutions of (2.1).
Analysis for convergence to physically correcct weak solution using Wavewise
Entropy inequalities (WEI) criteria proposed by Huanan [20] will be treated in a separate paper. 3. Note that the semi-discretized system (4.7) is TVD, but the TVD property can still be destroyed by the temporal discretization. In order to avoid it one needs to use TVD time discretization. 4. We have used the Euler's first order temporal discretization for our computations, though one can use higher order TVD Runge-Kutta methods [14] for higher accuracy in time. See also [4, 5, 15, 16] .
Numerical Results.
We used first order Euler forward difference for temporal dicretization and the limiter function (4.22) for all our computations. Numerical results for convex and non-convex test problems of proposed high resolution schemes are given and compared with corresponding first order entropy satisfying schemes, e.g., Lax-Friedrich's, Hartens's first order monotone schemes. Graphs are also given for first order accurate scheme corresponding to coefficient of artificial viscosity α =
4λ
and its corresponding high resolution scheme.
1. The coefficient of artificial viscosity for the Lax-Friedrich's schemes is α = 1 2λ , which is the maximum viscosity allowed by non-linear stability condition. Putting φ = 0 and α = 1 2λ in (4.7) results into semi-discrete Lax-Friedrich's scheme. 2. Semi-discrete first order monotone Harten's scheme which is also known as Roe's entropy fix can be obtained by using φ = 0 and α i+
in (4.7), where
where δ is small. Van Leer, Lee and Powell [11] suggested the following
where 1 ≤ δ 0 ≤ 2. In all our numerical computations, unless specified, we use δ 0 = (U i+1 − U i ) for entropy fix. A good discussion of it can be found in [13] 
Inviscid Burger's Equation.
We take convex test porblem as inviscid Burger's equation given by,
with following initial condition;
It is well known that inviscid Burger's equation governs simple acoustic waves and hence allows shocks (we refer interested readers to [13] ). In this case the jump at x= -1/3 creates a simple centered expansion fan, and the jump at x=1/3 creates a shock. The unique sonic point for Burger's equation is 0. Numerical results are compared for λ = 0.3, ∆t = 0.6 when ∆x = 0.02 in Fig. 1 . Numerical results in Fig. 1(a) are obtained by first order entropy satisfying schemes and Fig. 1(b) by corresponding high resolution schemes. These results clearly show improvement and high resolution in the proposed schemes as compared to their counterpart first order monotone schemes. Errors are shown in terms of L 1 , L 2 norms for first order accurate Harten's scheme and its corresponding proposed high resolution scheme in Table 1 . Table 1 clearly shows that errors decrease for high resolution scheme. Fig. 1(a) first order monotone schemes and Fig. 1(b) corresponding high resolution schemes.
Case 2.
u(x, 0) = 1 for |x| < 1/3 −1 for |x| > 1/3 (5.5)
In this case the jump at x=-1/3 and x=1/3 creates a simple expansion fan and a strong steady right shock respectively. Numerical results are compared in Fig. 2 , at time t = 0.3, λ = 0.3 and ∆x = 0.02. In Fig. 2(a) , numerical results obtained by first order entropy satisfying schemes and in Fig. 2(b) , numerical results of corresponding high resolution schemes clearly show that proposed high resolution schemes capture the right shock, left rarefaction as compared to first order monotone scheme. Errors are shown in terms of L 1 , L 2 norms for first order accurate Harten's scheme and its corresponding proposed high resolution scheme in Table 2 . Table 2 clearly shows that errors decrease for high resolution scheme. ∆x Fig. 2(a) first order monotone schemes and Fig. 2(b) corresponding high resolution schemes.
Buckley Leverett Equation.
The second test case is Buckley-Leverett Equation. It is a non-convex problem and is given by
Numerical results of proposed scheme are compared in Fig. 3 , at time t = 0.6, λ = 0.25 and ∆x = 0.005. Note that in all the above cases high resolution scheme corresponding to Harten's scheme give better results than the high resolution scheme corresponding to most diffusive monotone Lax-Friedrich scheme.
5.3. 1-D system: Inviscid Euler Equations. Here we consider the one dimensional Euler system of gas dynamics given by
which can be considered as,
where U = (ρ, ρv, E)
T , F(U) = (ρv, ρv 2 + p, v(E + p)) T , and ρ, v, ρv, E, p are density, velocity, momentum, energy and pressure, respectively. To solve equation (5.8) We apply our scalar-designed schemes to this problem in a straightforward manner. The limiter function is employed directly on the corresponding values of f (u) to avoid the expensive computation of the Jacobian, ∂F ∂U .
Sod Tube Test.
The first test is the typical Sod tube problem [18] . Its solution consists of a left rarefaction, a contact and a right shock. This test is useful in assessing the entropy satisfaction property of any numerical method [17] . It is formulated by (5.8) with the initial condition given by,
Here we take the eigenvalues of Jacobian matrix f ′ of Euler equations a 1 = 1, a 2 = 1.296, a 3 = 2.24, as suggested in [35] and ∆x = 0.002, C = 0.3 for computation of this problem. Fig. 4, Fig. 5 shows the graphs obtained at time t = 0.245. Fig. 4(a), 5(a) show the results obtained by first order monotone Lax-Friedrich's and the resulting scheme for coefficient of artificial viscosity α = 1 4λ respectively and Fig. 4(b) , 5(b) show the numerical results obtained by the corresponding high resolution schemes. Numerical results obtained by Harten's monotone scheme and corresponding high resolution scheme are similar to the Fig. 5 . Graphs show that proposed high resolution schemes suppress the oscillations and give high resolution at corners. The proposed schemes are able to capture the right shock, rarefaction and resolve the contact discontinuity. We take the eigenvalues of Jacobian matrix f ′ of Euler equations a 1 = 1.55, a 2 = 3.32, a 3 = 4.71, as suggested in [35] and ∆x = 0.002, C = 0.3 for computation of this problem. Fig. 6, Fig. 7 show the graphs obtained at time t = 0.16. Fig. 6(a) , 7(a) show the results obtained by Lax-Friedrich's and the resulting scheme monotone scheme for coefficient of artificial viscosity α = Numerical results obtained by monotone Harten's scheme and corresponding high resolution scheme are similar to the Fig. 7 . Graphs show that the proposed schemes do give high resolution and are able to capture the contact, left rarefaction and right shock more accurately as compared to their corresponding first order monotone scheme. . This leads to a class high resolution schemes. 3. Implementation on Euler equation is straight forward which do not require the computation of expensive Roe's linearized matrix and thus leads to more efficient and easily implementable schemes.
6. Conclusion and Future Work. A class of simple and efficient high resolution total variation diminishing schemes for conservation laws by introducing anti diffusive terms to the first order accurate three point monotone schemes using the flux limiters is presented. The general framework for construction of such scheme is presented. The resulting high resolution scheme respect the physical hyperbolicity property and give high resolution entropy consistent solution as well. The second order accurate scheme is shown to be total variation diminishing for 1-D scalar case. Bounds for the limiter function are given and applied on various test examples. Analysis of entropy satisfaction by proposed high resolution scheme using WEI criteria is under investigation and will be treated as a separate work. Numerical results for various test problems are presented which supports the theoretical results.
